(Time: 2% hours)
Total Marks: 75

N. B.: (1) All questions are compulsory.
(2) Make suitable assumptions wherever necessary and state the assumptions made.

(3) Answers to the same guestion must be written together.
(4) Numbers to the right indicate marks.

(5) Draw neat labeled diagrams wherever necessary.

(6) Use of Non-programmable calculators is allowed.

Attempt any three of the following:

15

Reduce the matrix to normal form and find its rank where

1-1 3 6
A=|1 3 -3 -4
5 3 3 11

Given matrix is,

Operate R,—R;R,~5R,~| 0 4 -6 ~-10

0 8 -12.-19
Operate C, +C, ; C;-3C,;

1 0 0 0
C,—6C;; ~ 0 4 -6 -10
0O 8 -12 -19
-1 0 0 0 T
G, -6
OperateT;_—G‘ ~ 0 1 1 -10
. 0 2 2 -19 4
1 0 0 -0 T
OperateR,-2R, ~| 0 1 1 -10
L 0 0 O 1
Operate C; - C, ;
1 0 0 0 7
C,+10C, ~ 0 1 0 0
L. 0 0 0 1 J
1 0 0 0 7
~ 0 1 0 O
0 0 0 1 4

‘ This a normal form of matrix A.

~. Rank of matrix =p(A) =3

Examine for consistency the system of equations
X—y—2=2; X+2y+z=2; 4x-7y-5z=2 and solve them if found
consistence.




AX=B
" Since here 3 Equations and 3 unknown

1 —1__—1]
k] w fd R e
Al [4__7 3

s : so first check | A |

L[-3]+1[-9]-1[-15]=3"
Oie. A 'exist.
A'B (1)

A
D ¢
Now,

S

A = I—A—la'dj. A.

Co-factor of each element of

-3 9 -15
2 -1 3
1 -2 <

A =
-3 2. 1
~AdjLA = [ 9 -1 -2]
' -15 3 3
[ -3 2 1]
o WY % 8. -
| - 15 3 .3,
Put this in Equation (1) .
[ -3 2 172
x=1 9 -1-2 [2]
. “L-15 3 3 JL2
[ 0 0
- 18 -6

w x =0, y=4, z=-6 -is a solution.

Verify cayley — Hamilton Theorem for the matrix A.

1 2 -2
A=|-1 3 O
0 -2 1

The characteristic equation is
1-A 2 =2
-1 3-A O =0
‘ 0 -2 1-A

after simplification, we get .

A -5 +9%-1=0 ,

Cayley - Hamilton theorem states that this Quation is
satisfied by the matrix A. ~
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P =113 ed L b - . 2
and A= |24 7 2 |-1 3 o0
ol 0B s | g 0. ~2.°1
=131 42 .. o
= 1111910
R A (R,
It can be easily seen that
| @ .0%0
A’-5A%+9A-I=| 0 0 0 |=0
| i 0.0 0.

Express in Polar from -1+ J3i
By comparing the complex number with standard form.

'Z = X+iy, we getx =—1andy =43 then

Modulus = |z|=xX+y =/ 1)’ +@3) =2
Amplitude = O=n—q
Where, . = tan™' G):tan" (315)
= tan"'(f3) =3
Amplitude = 9=n—§ﬁ2—3ﬁ
Y
V3.
INEEC NN
_, =1 TR X

(cos@ —sin@)’(cos56 —isin56)*
(cos86 +isin8g)"?

Simplify using De-Moivre’s theorem.




Soln. :Consider, : , ‘ )
_ (cos 0 —isin8)°(cos 50 — i sin 56)°

(cos 80 + i sin 86)"”
We know, De-Moivre’s theorem.
(cos®+isin®)" = cosn@+isinnd V)
(cos B +isinB) " = cosn®-isin nd } ’
Using this write each term of Equation (1) with base
(cos O + i sin 0) j

(1)

(cos O + i sin ©)” 'S (cos 8 +isin @) X2
(cos 0 +isin 6) _
g = (cos O + i sin 9)'6_(cbs6+i sin 0)"°
: %) (cos9+isin6)4'
2= (cos®+isinB) °* "By Laws of indices)
z = (cos9+isin9)°=cos0+isin0

[By Equation (2)] .

z=1o0r z=1+0i (.sin0O=0andcos0=1)

. (c080-i5in 6)° (cos S0-isin 80"

~ (cos 80 +isin 86)"”

Prove that : ..sinh™ x = Iog(x +/%? +1)
Considery = sinh™'x
¢
A 2X = ey__e—y \=
o
2X'€? e’—lv',-, e¥-2xe’-1 =0
Which is a quadratic equation in ¢’,
y 2xty4x“+4
-

Sll'lhy:

X

» 2
_ 2xt24x"+1
~ 2
= X £Yx“+1
Taking only positive value,
e x+\/7:—1
a y = log(x+\/Fﬁ)
- sinh’'x = log(x-g-\]x’+1)v
Attempt any three of the following: 15
Solve y* —x° dy _ xyﬂ

dx dx




Consider the differential equation
2 29y dy -
V=X =W

R SRR S
..Xydx+xdx =Yy

% Gy+x). =y
L
| TR R
is the homogeneous differential equation
' - Puty=Vx .
. dy \'A
D g = VR
. The differential equation becoines, '
T SR 4 Y o
V+xdx = 2
- x(Vx)+x
'. —-dV ] szzg
xd" ='x2V+x2'_
dV AR
s X, - vei-Y
2

@V PNV
Xgx - V41

dv -V
 Xax T 1+V
1+V _ dx

" —V—d\/ = Ty

is the variable separable form
On integrating both sides,
1+V o [9x

« gAY = _I X

1 . dx
J.('V-l—..l)dv = —J‘vx

s log[V]+V = - loglx|+C

log |[V|+1og x| +V- = C
log [[V].]x]+V = C

log(;y.xx)+';y' =C -
, | o
~ologlyl+ = C

is the general solution.

Solve dy +2ytan x =sinx
dx




Consider, the given differential equation

Sy 8 o
dx+2}’._tanx = sinx: -

‘ d :
Comparing witha-x!+1>y= Q
P=2tanx and Q=sinx

LF.=efP"" 2 mnxa
sin X
E 2I——-xdx
. 2 ;
2logsecX _ logsecx
EEe . o
IR = sec’x

Then the general solution 18,
J(E) = [Q- @B dx+C=[sinx:sec’ xdxsc

1 sin X 3 i
" —— ax+C=
- fsmx cos’ x cos X cos x X +C

= j'secx-tanxdx+c )

y sec'x = secx+C
is mqmred general soluuon

Solve (p—2x)p—y)=0
Consider (p—2x) (p-y) =0
p-2x = Oorp-y=0
(i) Consider

P-2x =0

L.
B =
y = 2xdx .
On integrating, ﬁy =2 ﬁ( i

y
y-x-C =0
(i) P-y
Lo
N
dy.
: y
Onimegrating,  ydy = fx
logy = x+C
i logy-x-C =0
.~ The general solution is
(y-x'-C) (logy-x-C)=0

Solve : y:xp+l
P




y"v)('f-i
P*p

which is aiready clairaut’s equation with
y
) = pandr()=-—r

Hence the solution is

y = CX+C C£0

is an arbitrary constant.
X+ f’(p) =0
X —-—2" =0
p 2
Eliminating P between the equation
x—"'lz- = Oandtheequation
) B
o 8
“yaE xp+'5 yields
' X+X_ 2%
y = R
y = <2-\F‘ sy
y = 4
Which is the required singular solution of the equation
y = Xpty

Solve : (D‘2 +6D+ 9)y =5"—~log2
B The complete soluuon or this differential equation is
y = Ye+Y=CF+PL"

' Stepl C.F.: A. E(Auxxhary Equatmn) 1s,

(.D+3) = 0 ) g
D = —-3,"3
y = (€ +CRe”
" StepI1: P.L
1-
- 5—log 2
Y» = D*46D+9 2log )
1 s 1 .
= =5 -——2(o 2
D3> @+ap ED
Replace : (D =1log 5) (D =0)
N 5 log2
T (ogs+3® 9
Step III : Hence the complete solution is,
| y=Yt+Y
73! 5x lo 2
y = (C1+Qx)e 082

(log5+37 9




Step I : Given differential equation is Cauchy’s linear
dlfferenual equation, _

' d
Putx-e: z=logx and D=4

Differential Equation bccomes,
[D(D—1)—D—3]y =
(D D D-3)y 0

(O°-2D-3)y 0
The complete solution of this d1fferent1al equanon xs,
'y = y.+y,=CF.+PL

Step II : C.F. : A.E. (Auxiliary Equation) is,

D’-2D-3 = 0
O©-3)D+1) = 0
‘ - D-=.‘-31 _.s.z 38 :

Ao catiaet il
StepIIl:PL: y = 0 emC—rTY
StepIV:Hence, y = Yo+ Y,

y = Ce +C,e”
...[From Equations (1) and (2)]
y = CxX+C,x" ¢ & =x)
This is required solution. :

Attempt any three of the following:

15

. cost O<t<
Find the Laplace transform of f(t)= { g

sint t>nx
| oo "
-5t
L@ = | O
0 .
cost O<t<T
0 = .
Given, f (t) _{smt ot
13

~LIE® = I (cos t) dt + J- " (sint) dt

-tt
| mmme— scost+smt]:r
Tl s+l

s2+l ]
TS 9 7
=[[ s62+1 (s)]_[s2+1’(-s)]]+[[[°] s271(1):|]

~Ts S e

= + 2
2+1 S+l s+l

e—d“
= "7__(8—1)+

241 &+1-

S~LIE®] = szil [e™(s—-1)+s]

_[e®(s=1)+3]
- s +1

Evaluate by using Laplace transform _ftz e'sint dt




L@ = [e"f@ad
0
Jtze't sintdt = J‘.e"[tzsint]dt
0 0
= L[t sint]=(- 1) [L(smt)] (s=1)
41 4
- dsz_[s2+1:| l:( +1)2( ):l
4 =2 -
= - 2 2 2
wfee s-imt{(s +1' 2226 +1><2s>}
5 & +1) ‘
(s=1)
_ 268+ [- (8 +1) + 48]
EErie o o
2038 -1
T @1y 1)
A 3 =t i _253—1!_1 .' -
..(;fte sintdt = a1y =2 y =1
J'tze't sintdt = -;-
0

Find the Laplace transform of the following.
dy

t
a+3y(t)+ 2_[ y(t)dt=t; given y(0)=
0

Given differeritial equation,

d
at+3 y(t) +2 Iy(t) dt=t; y@0)=0

. Taking Laplace Transform of both side
L [%% +3y(0+2 I y(t) dt] = L[
0

SYE) YO +3YO+25yE =

;12
| (s+3+3)y(s)_y(0)- =;11
(s fis”) -0 '= %

~LyOl=y0) = Tty

Find the inverse Laplace transform of

(-2




=2 - (s_-z)‘ '

: AL
- 29" | b et
t ap L,

Find inverse Laplace transform of cot™(s)
Consider, L™'[cot™ ' (s)] =f(t)

LIE®] = cot” (s)
LItf@®)] = _T:[cpt_l ®1]
= {#:al
SR s+1
CLREf®) = ——
LB = Fg
g . =2 | 1 | B
tf(t)-Ll:s+l:| |
t£(0). = st .. ¢ byTab1e721)
fo = S
2 L™ feot™ @)] = s“% o
. | | 1 O<t<a
Find the Laplace transform of : f(t)= and f(t)= f(t+2a)
-1 a<t<?2a
1 u<i<ada
Soln.: Given, f(t) = { '
-1 a<t<2a

and f(t) = f(t+2a)
This is-periodic function with period T =2a
We have, The Laplace transform of periodic function,
T .

L] = f}xl-wmm

ot}

o

a

[=-LS T
g e.m{ 5 =]-=-5])

i
o -em
g 21 1-267% 47
Ty (i-e®)  s(-e)
__ (-em)f - (1-er®)
T os(l-e®)(1+e®) s(l+e®)
. LI =-(;(1—f;‘27

: 2a
~Lf®]= m\: | &% (1)du + | e® (-1)du

[e-as_-l _e-2as F e—as].




Attempt any three of the following:

15

1y
Evaluate : ”xy e ¥ dx dy
00

ly
Step I : Consider, 1= I .[ xye dx dy
00
Limits of inner integral are functions of X
- Integrate w.r.t, X first,

[y
f{ Jaye ™ ax }dy

I =
0LO
| L gl
Stepll: I = Iy(:i_) Ie"‘ (-2x)dx |dy
0 0

[ Note this ]
‘L adjustment |

]
ol L
N1

r— O e,

(<]

1
<
)

I

N

<

N’

(=}

<

|
<,
L

—_——

]
1
»|L
r—A—
1
oL
@,
S
(—
o —
1
3
B [
| -
——

1y - 1 1 ..
= gle'-11+g =gl -141]=5;
1
I = 26 |
Take Expression as a single integral and evaluate
alV2 x a Ja?-x?
jjxdxdy+j jxdxdy
0 0 alv2 0
Step I : Consider,
R a .
. 2 I'\la o :
1= [ [ xdxdy + g [ xaxdy ..
0?° 2 0

I = Li+],
The limits of 1, arey=0,y'=xandx'=0andx=a\ﬁ

and limits of are y =0, y =[a’ - x’ andx=a+2 ;x=a.
The region of integration of I, and I, is as shown in
Fig. P. 8.3.9 since point of mtegratwn of X’ + y =2’ and

y= XIS(\E _\j-)

strip SR ; ed
Alongastnvaanesfromx ytox=a' -y a“dy
varies fromy =0toy= \I- :

To consider the total region (I, and Iz) tﬁke a horizontal




StepII :

I = I xdxdy— I dy I x dx
: y ‘ y
al[2 o 7 la/\ﬁ
= Idy[‘z' =3 [ @Y
0 y 0
la/«ﬁ' « '
: =5 | @-29e
0 SN
SR ;
Ll LY N2 _1la 2(aY|
= 2l:ay _23]0—2 \15‘3(\/5)]
. las[L_g;]-_ai;(l.L)_'_al
T 27 [A273 2] 242\ 73T 32
L ¥ RN 'y :
T 32
oy

Evaluate.? j (N/a - X —yz)dX dy
0 0




a\la_
Stepl Consider, I—j I (‘\’a—x— )dxdy

Convert this mtegml into polar co-ordmate by using
polar transformation, x = r cos 0 ; y =

dx dy =rdrde.

Here limits of integration are,
x-Otox--\’a_ andy :Qtoy=a
\’ glvesx -a—y=>x +y =a’

Yen/2

r sin O and

' Fig. P. 8.4.7 -

In polar g
x* +y = a=r za’=>r=2a
. Region of integration is as shown in Fig.P. 8.4: T
Take a radial strip SR, along the strip 0 constant and r
varies fromr=0tor=2a ; ;
Now, turning the strip throughout the region

% 8 variesfrom9=0t99-'2'
n2a =
Ij(m) rdrde.
00 o

a o »
i) e
oLo

.

‘e

-
]

n




Pt a-r =t
2
Y .
s 2rdr
Step II :

”f[[vt(-% }de it
o f aj\]'t dt}de [.‘.jf(x) dx = - ].f(x) dxi\

2 : ;
a ft r 0 a
_‘—dt t . az 0

|
N -

2 an —at .
1 t 1.12 2H?
=3 1[3/2] A RHCRE
0 g 0
’ ‘2 3
o)
I = 233. j. [9] 2
\ 0
i= E‘i_ ‘

Evaluate : ”I dx dy dzl where V is the volume bounded by the planes,
x+y+z+

x=0.y= 0, z=0,andx+y+z=1.

dxd dz
Let I= ” (x+y+z+1)

—
»

—
)

It
&
Cta | O e |

o
-
O oy 4
~
S
+,
>
+
St
+
N
~

»
—
»
1
N

1"

y[gl+x+x+z[]

&
o

-2

(= J — i
=

Lt
>

[l
|
N |-

PS—
&
O ey, |

dy (@7 -+ x4y

ll—x 1-x 5
2 [ ay= | q+x+yp gy
M 0

|

!
_wl-
g

E =N

i
oL
N =

.4(_ b [gl-&-_x-;-l)_] l;x:l

N =

[]
i
e 3
+
tad

-
~~
e
|
ta)
N’
P
N =
i |
s
D
—

2 1

_x?)f%_'iog.(l +x):|0
3(1-3)+3-10e2]

3-log 2] 5 log2- 15_6

= <

I
|
-1 [9 )
.hll—l A

I
(ST Nl-— =

B

—

X + y)dx dy over the area between curve y = x?and the line y = x

=

Evaluate ” y




‘S't'ep 1 ; Consider
I -'ny(ﬂy)dxdy
y-X 2 and the line y =x

Take vemcal smp SR as shown in Fig. P. 9.2.3.
- » Limits are, Y =x toy=x

; : Hem region of mtegratlon is the area between curve

. Region of integration is as shown in Fig. P. 9.2.3

x=0tox=1
_ : %
(1,1)
R4 |
(]
G
3
P
(0,0) (1,0)
Fig. P.9.2.3
¢ L%, LT TS
StepM: .. 1'=I[fxy(x-+y)dy dx
‘ SR 17T
L-F ;e &
1 = Ix I(xy-i-yz)dy dx
0 _'Xz 3 .
- 2 3 x '
X
= Ix b’52+312dx.
0 .
! >3 3 5. 6
5% 98 & x_]
' =I"[2+3‘2"3 i
0 - .
I b A ol
=R [E55 e
0 . s : ‘
l st x5 X
- [[F5-5 e
0 .
_[ézci X 127
“L65727 T 38
1 1 1
- {[6‘14‘7A]"°}
: 3 -
7 - 56
%2 yz 72 Ar
Prove that the volume of the ellipsoid — + =+ e_z_l is ?abc




‘ Solution: Required volume: J.‘”dxdydz over the ellipsoid

Volume = J '”abc dxdydz over the sphere L+yE+ =1

Changing to spherical coordinates by the relations.
X =rsinBcos¢, Y=rsin0O.sin 9, Z=rcos O

Volume = abc I J' Irz sin® dr d0 dj over the region.
{(r,6,0):0<r<1,0<0<m,0<¢<2m}

1 T - 2n
abc Irzdr I sin Qaﬂfd(b
0 0 0

bH L cosé]g[q,]gn X
‘achJ(Z).(Zn) |

= —mabc.

1l

\
WA
b

Attempt any three of the following:

15

Evaluate sz. e "™ dx

0
o0

Soln. : Consider, I = I X e ax

X|0|e
tf0]ee
{ I (-;-2-) ; e“.:—zlil- ;"’2 d ..y suBstitution_)
2. Dies &
il | i ) ] . (by definition)
= St Se L
L5 0. ."“ . . & : : 5 ' 2
| IEBLET 0y o R L R R o o Oy
=;,ja'(§)‘/’_‘ : ["E"“ 2
I = .
S |

T
Evaluate jxsine X dx
0




Soln.: Consider, 1 = | xsinxdx )
0

a

I =] (T -x) sin6 (n—x)dx

(=}

a a
[ v [ fx)dx = If(a—x)dx]
0 0

T
I = [ (n- X) sin6 x dx [sin (% - x) = sin x]
0
T
I =] (7 sin6 x — x sin6 x ) dx
0
T T
=7 fsin6xdx—fxsin6xdx
0 0

a

i

=% f sin6xdx -1 \
i |

|
\

...[From Equation (1)]
T . 2
2od=n[sin’xax=n 2 [ sin'xax
0 0 '
T 2 ’
J‘sinmxdx' =2 I sin"kdxwhenm:even]
2 5 .

2

w2
. 6 . 6 0
I k. J-_sm xdx =m j sin X cos* x dx
0

i n

k 2 31
5 2

% 1=§5u

7l2

Show that : J.Iog(lstnas):n X) dx=rzvl+a - 1]
0




“{[2 log(l+a sin’ x)

sin” x

Let I(a) = (1)

ApplyngUIS w.r.t. a, we get,

N _ 2 2 log(l+asm X)
I'(a) = I —_—
3 0a sin” X

2 3 .
I [5—log (1+asin x)]
0 sin”xL 92

I _12 1. 2 osinzxdx

sin’x (1 +asin” X)

w2 ’ w2 ] i

I - Ok = I a - dx
1+asin X 0,1.,.

~ ()

———1-
cosec - X

cosecxdx IM}__Q;_

cosec’x+a cot’ x+(1+2)

0
(Replacing cosec” x by (1 +
Let cotx = u - —cosec> x -dx=du -

cof” x) in denominator)

u ] 0
0 0
b & (a) = I z—du = I du
oo U H(@+1) u’+(a+1)
" 1 i o T
- ta —
‘ [Ja"'l " ‘\lm]o
~T() = L -0

24a+1
Step (II) :  Integrating with respect to a, we get

16) = %I—a\I_IJr—_ldHA

1) = 3[2Va+1]+A
~ I(@ = nya+l+A (2)

Step (IIT) :  Putting a = 0 in Equation (1) to find A, we get,
I1(0) = Oandfrom Eqpation 2)
- 1(0) = m+A ' . o n+A=0
A = -7 . . |

-. From Equation (2),

I@ =7 a+l-n=n[\a+1-1]




Show that : J‘m.dx=z
5 X 2

~ 'Step@: Consider,.

1(a) =.“j"¢'“.%,—x.dx ¥
0 - -

' Applying D.ULS., w.r.t. a, we get,

(==} pove
o[ -ax sinx |,
rw = J&2[e5H J-ex
0 .
_ J's";xx-(%(c'“)-dx
= JHRE(xe) i
~0 i
~T@ = -Ie‘"sinx-dx
[evaluating the integral by using the standard
Formula of Ie" sin bx - dx]
= _[ 21 (—ae'“sinx—e'"cosx)]
A a“+1 0
LY@ = (; e"=0)
B BEEE £ T "
Step (II) :  Integrating with respect to a,
1
I = =" da+ A
© J‘az+l
I(a = —tan'a+A oy

Step (IID : To find A, we puta=oo in Equation (1) -
Weget, (=) .= 0 '

and from Equation 2),

| 1(=) = —%+A
.0 = _Z2
. —_— E
. A = 2

- From Equation (2),1 (a)=—tan"'a +12t'

o .
-ax SiNX T A
1.e. Ie NG dx = p—tan” a

We put a =0, on both sides and we get,

e .
sin X < 3

I x oy =5

0 .

Find : %[erf (x)+erf_ (ax)]




X
2 [ -
erf(x) = == [e* . du
\nyo
. 0
Applying Leibnitz’ rule of D.U.LS. w.r.t. x,
- 2 -x2 d 2
——erf(x) —\/— du+e ba(x)—o

[O+e”‘2-l]

0
| §||N

e | ()

R
Again, erf, (ax) = '\72-; .[ ¢ dn
: ax

Applying D.ULS. w.r.t. x; we get,

) 2
d‘;erf(ax) \/;t [f d“}

“ i
H
O

«(2)

‘;'\/;;e

' FromEquatlons (1)and(2)’_ A
dx[erf(x)+erf(aX)]" \/; ; _\Ft

d¢

—— and hence prove that,
da

g (@)
0@ = | Fxo)-dx
= f (o) ;
ByLeibnitzrule, |
- 8@ g e SO
o (@)= J‘V[S—F(x a)] . dx +F [g (@), o]
f (o) T

-ﬁ-F[f(a).a]% o




Now,erf (\x) = :]2__1; [t
| | 0

...(by definition)

\/‘
dx[erf(\])_()] [ I ]

0
By the Leibnitz’ rule-

[Tl 2 e 0]

3 IS ot
= o]
T Mg : y f
ax(e )=0.xandtaremdepend?nt
% Mgt

e

= ﬁ[ﬁ;e”]:me




